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1. Introduction
In this remark, we consider the following boundary value problem for a doubly degenerate parabolic equation with
nonlocal terms
∂u
∂t
− div(|∇um|p−2∇um) = (a− Φ[u])u, (x, t) ∈ Qω, (1.1)
u(x, t) = 0, (x, t) ∈ ∂Ω × [0, ω], (1.2)
u(x, 0) = u(x, ω), x ∈ Ω, (1.3)
where p ≥ 2, m ≥ 1, Ω is a bounded domain in Rn with smooth boundary, Qω = Ω × (0, ω), Φ[u] : Lk(Ω)+ → R+ is a
bounded continuous functional, Lk(Ω)+ = {u ∈ Lk(Ω)|u ≥ 0, a.e. inΩ}, k > 0, R+ = [0,+∞). a = a(x, t) is a continuous
function and of ω-periodic with respect to t . This problem models some interesting phenomena in mathematical biology,
fluid mechanics, etc., where u = u(x, t) represents the density of the species at position x and time t , a represents the
maximal value of the natural increasing rate at location x and time t , a−Φ[u] denotes the actual increasing rate, and when
p > 2,m > 1, div(|∇um|p−2∇um) models a tendency to avoid crowding and the speed of the diffusion is rather slow. We
refer the readers to [1–3] for the detailed discussion about this type of model.
Recently, periodic problems with nonlocal terms have been investigated by many authors, such as [3–6]. At the same
time, periodic problems for quasilinear degenerate parabolic equations have also been studied extensively, one can see
[7–11] and references therein.Motivated by themodel proposedbyAllegretto andNistri [3],where they studied the equation
∂u
∂t
−1u = f (x, t,Φ[u], u, a)u, (1.4)
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and obtained the existence of nontrivial nonnegative periodic solutions, several authors studied some generalized versions
of (1.4). For example, in [5], the authors considered the porous media equation, that is p = 2 andm > 1. In [6], the authors
considered the p-Laplacian equation, that is p > 2 andm = 1. In [4], under some stronger conditions than ours, the existence
of solutions for the problem (1.1)–(1.3) was established.
It should be remarked that the present work is not a simple extension to the previous work of [4]. In [4], the positive
continuous functional Φ[u] is restricted not only by the upper bound C2‖u‖2L2(Ω), but also by a positive lower bound
C1‖u‖2L2(Ω), where Ci (i = 1, 2) are positive constants independent of u. However, in this paper,Φ[u]would only be restricted
by a upper bound C0‖u‖kLk(Ω), where k > 0 and C0 is a positive constant independent of u. Which makes the work to verify
the necessary conditions which allow us to use the homotopy invariance of the topological degree more complicated. The
method in [4–6] to establish the maximum modulus of the related solutions cannot be adopted now. In this paper, we use
the de Giorgi iteration technique to obtain the uniform upper bound of the maximum modulus, and treat the lower bound
by means of the first eigenvalue of p-Laplacian equation with zero boundary value condition.
This paper is organized as follows. In Section 2, we do some preliminaries including the assumptions of the functions
arising in the Eq. (1.1), the definition of the weak solutions and the illustration of the main result of this paper. In Section 3,
we get the nontrivial periodic solutions of the corresponding regularized problem, then by passing to a limit process, we
obtain the existence of nontrivial nonnegative periodic solutions of the problem (1.1)–(1.3).
2. Preliminaries
Putting v = um for a nontrivial nonnegative solution u of (1.1)–(1.3) and v is nontrivial nonnegative and solves the
following problem
∂v
∂t
−mv1− 1m div(|∇v|p−2∇v) = mv(a− Ψ [v]), (x, t) ∈ Qω, (2.1)
v(x, t) = 0, (x, t) ∈ ∂Ω × [0, ω], (2.2)
v(x, 0) = v(x, ω), x ∈ Ω, (2.3)
where Ψ [v] = Φ[v 1m ]. We shall show the existence of the nontrivial nonnegative solutions of (1.1)–(1.3) by treating
(2.1)–(2.3) in the present work.
In this paper, we assume Ψ [·] and a satisfy the following conditions:
(A1) Ψ [·] : Lk(Ω)+ → R+ is a bounded continuous functional satisfying
Ψ [v] ≤ C0‖v‖kLk(Ω), k > 0,
where C0 is a positive constant independent of v, R+ = [0,+∞), Lk(Ω)+ = {v ∈ Lk(Ω)|v ≥ 0, a.e. inΩ}.
(A2) a ∈ Cω(Qω)may change sign, and satisfies
Ω+ =
{
x ∈ Ω : 1
ω
∫ ω
0
a(x, t)dt > 0
}
6= ∅
or
Ω+ = {x ∈ Ω : a(x, t) > 0 for t ∈ [0, ω]} 6= ∅,
where Cω(Qω) denotes the set of functions which are continuous inΩ × R and of ω-periodic with respect to t .
Noticing the degeneracy of (2.1), we shall adopt the following definition of weak solutions [12] of (2.1)–(2.3).
Definition 2.1. A function v ∈ Lp(0, ω;W 1,p0 (Ω)) ∩ Cω(Qω) is called to be a weak solution of the problem (2.1)–(2.3), if
∂v
∂t ∈ L2(Qω) and v satisfies∫∫
Qω
∂v
∂t
ϕ +mv1− 1m |∇v|p−2∇v · ∇ϕ + (m− 1)v− 1m |∇v|pϕ −m(a− Ψ [v])vϕdxdt = 0, (2.4)
for any ϕ ∈ C1(Qω)with ϕ(x, 0) = ϕ(x, ω) and ϕ|∂Ω×(0,ω) = 0.
Due to the degeneracy of (2.1), we will consider the following regularized problem
∂vε
∂t
−m(v+ε + ε)1−
1
m div((|∇vε|2 + ε) p−22 ∇vε) = m(a− Ψ [vε])v+ε , (x, t) ∈ Qω,
vε(x, t) = 0, (x, t) ∈ ∂Ω × (0, ω),
vε(x, 0) = vε(x, ω), x ∈ Ω,
(2.5)
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where v+ε = max{vε, 0} and ε ∈ [0, 1] is a small positive constant. Then we introduce a map by considering the following
problem
∂vε
∂t
−m(v+ε + ε)1−
1
m div
((|∇vε|2 + ε) p−22 ∇vε) = f , (x, t) ∈ Qω,
vε(x, t) = 0, (x, t) ∈ ∂Ω × (0, ω),
vε(x, 0) = vε(x, ω), x ∈ Ω.
(2.6)
For any given f ∈ Cω(Qω), we define a map v = Tf with T : Cω(Qω) → Cω(Qω). Let f (vε) = m(a − Ψ [vε])v+ε , where
v+ε = max{vε, 0}. By the assumption (A1), we can see when vε is continuous with respect to t ,Ψ [vε] is also continuous with
respect to t . Similar to [9], we can infer that the map T is a compact continuous map. Obviously, if a nonnegative function vε
solves vε = T (m(a− Ψ [vε])v+ε ), then it is also a nonnegative solution of problem (2.5). Hence we will study the existence
of the nonnegative fixed point of the map vε = T (m(a− Ψ [vε])v+ε ) instead of the existence of the nonnegative solution of
the problem (2.5). The desired solution of the problem (2.1)–(2.3) will be obtained as a limit point of vε .
Our main result is the following theorem.
Theorem 2.1. If the assumptions (A1), (A2) hold, then the problem (2.1)–(2.3) admits a nontrivial nonnegative periodic solution
v ∈ Lp(0, ω;W 1,p0 (Ω)) ∩ Cω(Qω).
3. The proof of the main result
In what follows, we shall prove the nonnegativity of the solutions for the regularized problem. Before to do that, we first
introduce a lemma as follows.
Lemma 3.1 (See Lemma 2.1 in p. 54 of [13]). Let L be a uniformly elliptic operator of second order, h ∈ C(Qω)∩ C2,1(Qω) satisfy
∂h
∂t
− Lh+ ch ≥ 0, in Qω,
α0
∂h
∂v
+ β0h ≥ 0, on ∂Ω × [0, ω),
h(x, 0) ≥ 0, onΩ,
where α0, β0 ≥ 0 with α0 + β0 > 0 on ∂Ω × [0, ω), and c = c(x, t) is a bounded function in Qω . Then h(x, t) ≥ 0 on Qω .
Moreover, h(x, t) > 0 in Qω unless it is identically zero.
Using this lemma, we show that vε(x, t) > 0 in Qω .
Lemma 3.2. Let λ ∈ [0, 1], if a nontrivial function vε ∈ Cω(Qω) solves vε = T (λm(a− Ψ [vε])v+ε ), then
vε(x, t) > 0, for all (x, t) ∈ Qω.
Proof. We first prove vε ≥ 0. Multiplying the first equation of (2.5) by v−ε and integrating over Qω , we have∫ ω
0
∫
Ω
∂vε
∂t
v−ε dxdt −
∫ ω
0
∫
Ω
m(v+ε + ε)1−
1
m v−ε div
((|∇vε|2 + ε) p−22 ∇vε) dxdt
=
∫ ω
0
∫
Ω
λm(a− Ψ [vε])v+ε v−ε dxdt,
where v−ε = min{vε, 0}. The right hand side obviously equals 0, and due to the periodicity of vε with respect to t , we obtain∫ ω
0
∫
Ω
∂vε
∂t
v−ε dxdt = 0.
So
mε1−
1
m
∫ ω
0
∫
Ω
(|∇vε|2 + ε) p−22 ∇vε∇v−ε dxdt = 0,
that is∫ ω
0
∫
Ω
(|∇vε|2 + ε) p−22 |∇v−ε |2dxdt = 0.
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Then there must be∫ ω
0
∫
Ω
|∇v−ε |pdxdt = 0. (3.1)
By Poincaré’s inequity, we have∫
Ω
|v−ε |pdx ≤ C
∫
Ω
|∇v−ε |pdx,
where C is a positive constant depending only onΩ . So we have∫ ω
0
∫
Ω
|v−ε |pdxdt ≤ C
∫ ω
0
∫
Ω
|∇v−ε |pdxdt = 0.
Which combined with the continuity of v−ε implies that v−ε = 0, ∀(x, t) ∈ Qω . Then for all (x, t) ∈ Qω , we have vε ≥ 0.
Next we prove vε > 0. Since vε ∈ Cω(Qω) is nontrivial, there exist ξ ∈ (0, ω] and x ∈ Ω such that vε(x, ξ) 6≡ 0. We
choose a nonnegative nontrivial function ψ(x) ∈ C∞0 (Ω) such that ψ(x) ≤ vε(x, ξ) and let h solves the following problem
∂h
∂t
−m(h+ ε)1− 1m div
((|∇h|2 + ε) p−22 ∇h)+ Dh = 0, (x, t) ∈ Ω × (ξ , ω + ξ),
h(x, t) = 0, (x, t) ∈ ∂Ω × [ξ, ω + ξ ],
h(x, ξ) = ψ(x), x ∈ Ω,
(3.2)
where D is a positive constant. Noticing that vε ∈ Cω(Qω) and the assumption (A1), we have Ψ [vε] ∈ Cω(Qω). Combining
with a ∈ Cω(Qω), we obtain a − Ψ [vε] ∈ Cω(Qω). Then there must exist a sufficiently large D > 0, such that
Dvε + λm(a− Φ(vε))vε ≥ 0, which implies that
∂vε
∂t
−m(vε + ε)1− 1m div
((|∇vε|2 + ε) p−22 ∇vε)+ Dvε ≥ 0.
By the comparison theorem [14], we have vε(x, t) ≥ h(x, t). Moreover, recalling Lemma 3.1, we also have h(x, t) > 0 for all
(x, t) ∈ Ω× (ξ , ω+ ξ). By the periodicity of vε , we further obtain vε(x, t) > 0 for all (x, t) ∈ Qω . The proof is complete. 
In the following, we shall verify that the map vε = T (f (·)) satisfies some necessary conditions which allow us to use
the homotopy invariance of the Leray–Schauder degree. We first establish some important estimates on the solution vε of
vε = T (λm(a− Ψ [vε])v+ε ).
Lemma 3.3. Let λ ∈ [0, 1]. If a nontrivial function vε ∈ Cω(Qω) solves vε = T (λm(a − Ψ [vε])v+ε ), Then for any r > 0, we
have
‖vε‖Lr (Qω) < Cr . (3.3)
In addition, we also have
‖∇vε‖Lp(Qω) < Cp, (3.4)
where Cr and Cp are all positive constants independent of ε.
Proof. By Lemma 3.2, we see that if vε is a solution of vε = T (λm(a− Ψ [vε])v+ε ), then vε > 0 in Qω , that is vε+ = vε . For
any r > 0, multiplying the first equation of (2.6) by vrε and integrating over Qω , yield∫∫
Qω
∂vε
∂t
vrεdxdt +m
∫∫
Qω
(|∇vε|2 + ε)(p−2)/2|∇vε|2
(
rvr−1ε (vε + ε)1−1/m
+
(
1− 1
m
)
(vε + ε)− 1m vrε
)
dxdt = λm
∫∫
Qω
vr+1ε (a− Ψ [vε])dxdt.
By the periodicity of vε , the first term of the left hand side is equal to 0. Furthermore, since vε , Ψ (vε) are both nonnegative,
we can obtain
r
∫∫
Qω
|∇vε|pvr−1/mε dxdt ≤ ‖a‖∞
∫∫
Qω
vr+1ε dxdt, (3.5)
where ‖a‖∞ denotes the maximum of a(x, t) on Qω . Furthermore, we have
r
(
mp
mr +mp− 1
)p ∫∫
Qω
∣∣∣∣∇v mr+mp−1mpε ∣∣∣∣p dxdt ≤ ‖a‖∞ ∫∫
Qω
vr+1ε dxdt.
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Let h = v
mr+mp−1
mp
ε , we obtain∫∫
Qω
|∇h|pdxdt ≤ 1
r
(
mr +mp− 1
mp
)p
‖a‖∞
∫∫
Qω
h
mp(r+1)
mr+mp−1 dxdt.
According to Poincaré’s inequality and Hölder’s inequality, it follows that∫∫
Qω
|h|pdxdt ≤ C
∫∫
Qω
|∇h|pdxdt
≤ C
r
(
mr +mp− 1
mp
)p
‖a‖∞
(∫∫
Qω
|h|pdxdt
) m(r+1)
mr+mp−1
.
So we have(∫∫
Qω
|h|pdxdt
) mp−m−1
mr+mp−1 ≤ C
r
(
mr +mp− 1
mp
)p
‖a‖∞,
that is∫∫
Qω
|vε|mr+mp−1m dxdt ≤ C,
where C > 0 only depends on p, n, Qω . By the arbitrariness of r , we see that for any given r > 1, the following inequality
holds ∫∫
Qω
vrεdxdt < C,
where C is a positive constant independent of ε. Which also implies that
‖vε‖Lr (Qω) < Cr for any r > 0,
where Cr is a positive constant independent of ε but dependent of r .
Next, we show the estimation on ‖∇vε‖Lp(Qω). Take r = 1m in (3.5), yields∫∫
Qω
|∇vε|pdxdt ≤ m‖a‖∞
∫∫
Qω
v
1
m+1
ε dxdt.
Recalling Hölder’s inequality and Poincaré’s inequality, we further obtain∫∫
Qω
|∇vε|pdxdt ≤ m‖a‖∞|Qω|1−m+1mp
(∫∫
Qω
vpεdxdt
)(m+1)/mp
≤ C
(∫∫
Qω
|∇vε|pdxdt
)(m+1)/mp
,
where C > 0 only depends on m, ‖a‖∞, |Qω|, p, and |Qω| denotes the measure of Qω . By transporting of terms and the fact
thatm+ 1 < mp, we deduce
‖∇vε‖Lp(Qω) < Cp,
where Cp is a positive constant independent of ε. The proof is complete. 
Lemma 3.4. Let λ ∈ [0, 1], if vε is a solution of vε = T (λm(a−Ψ [vε])v+ε ), then there exists a positive constant R independent
of λ and ε, such that ‖vε‖L∞(Qω) < R.
Before proving Lemma 3.4, we first introduce a lemma as follows.
Lemma 3.5 (See [14]). Let ϕ(t) be a nonnegative and nondecreasing function defined on [k0,+∞), and satisfies
ϕ(h) ≤
(
M
h− k
)α
[ϕ(k)]β , for any h > k ≥ k0,
where, α > 0, β > 1. Then
ϕ(k0 + d) = 0,
here
d = M[ϕ(k0)](β−1)/α2β/(β−1).
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Proof of Lemma 3.4. We split the proof into three cases: (i) p < n; (ii) p = n; (iii) p > n.
Case (i). For any k ≥ 0, define
Ak = {(x, t); vε(x, t) ≥ k},
and |Ak| represents the measure of Ak. Multiplying the first equation of (2.6) by (vε − k)
1
m+ and integrating the results over
Qω , we have∫∫
Qω
∂vε
∂t
(vε − k)
1
m+ dxdt +m
∫∫
Qω
(|∇vε|2 + ε)(p−2)/2|∇(vε − k)+|2
×
((
1− 1
m
)
(vε + ε)− 1m (vε − k)
1
m+ + 1m (vε − k)
1
m−1+ (vε + ε)1− 1m
)
dxdt
= λm
∫∫
Qω
(vε − k)
1
m+ vε(a− Ψ (vε))dxdt.
By the periodic boundary value condition and Hölder’s inequality, we deduce∫∫
Qω
(|∇vε|2 + ε)(p−2)/2|∇(vε − k)+|2dxdt ≤ λm‖a‖∞
(∫∫
Qω
vrεdxdt
) 1
r
(∫∫
Qω
(vε − k)
r′
m+ dxdt
) 1
r′
,
where 1r + 1r ′ = 1. By the results of Lemma 3.3, it follows that∫∫
Qω
|∇(vε − k)+|pdxdt ≤ λmCr‖a‖∞
(∫∫
Qω
(vε − k)
r′
m+ dxdt
) 1
r′
,
where Cr is the positive constant in Lemma 3.3. Furthermore, by embedding theorem and Hölder’s inequality, we have(∫∫
Qω
(vε − k)L+dxdt
) p
L ≤ C
∫∫
Qω
|∇(vε − k)+|pdxdt
≤ CλmCr‖a‖∞
(∫∫
Qω
(vε − k)
r′
m+ dxdt
) 1
r′
≤ CλmCr‖a‖∞|Ak| 1r′ − 1mL
(∫∫
Qω
(vε − k)L+dxdt
) 1
mL
,
where 1 ≤ L < npn−p and C is the embedding constant. That is(∫∫
Ak
(vε − k)Ldxdt
) 1
L
(
p− 1m
)
≤ M|Ak| 1r′ − 1mL ,
whereM > 0 is a constant independent of ε. For any h > k, the above inequality implies(∫∫
Ah
(vε − k)Ldxdt
) 1
L
(
p− 1m
)
≤ M|Ak| 1r′ − 1mL .
Hence, we have
(h− k)p− 1m |Ah|
1
L
(
p− 1m
)
≤ M|Ak| 1r′ − 1mL ,
that is
(h− k)L|Ah| ≤ (M)mL/mp−1 |Ak|
mL−r′
r′(mp−1) .
Which implies that
|Ah| ≤
(
M
h− k
)L
|Ak|
mL−r′
r′(mp−1) . (3.6)
Obviously, we can choose suitable L, r , such that β = mL−r ′r ′(mp−1) > 1. Indeed, if we take L = n−1n−pp, and r > n−1n−p is arbitrary, it
is easy to check that β > 1 for such L, r . Then by Lemma 3.5, we have
|AR| = 0,
where R = M|Ω|(β−1)/L2β/(β−1). That is ‖vε‖∞ < R.
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Case (ii). This case can be proved by the same method as employed in Case (i) Using the same argument as case (i), we
can also get the same inequality as (3.6), that is
|Ah| ≤
(
M˜
h− k
)L
|Ak|
mL−r′
r′(mp−1) .
Here, r > 1, L > max
{
r ′
m , 1
}
are arbitrary constants and M˜ > 0 is a constant independent of ε. Similarly, we can choose
suitable L, r , such that β = mL−r ′r ′(mp−1) > 1. For example, we can take L = p+ 2, and r = p+ 1. It is easy to check that β > 1
for such chosen L, r . Then by Lemma 3.5, we get
|A˜R| = 0,
where R˜ = M˜|Ω|(β−1)/L2β/(β−1). That is ‖vε‖∞ < R˜.
Case (iii). Multiplying the first equation of (2.6) by ∂vε
∂t (vε + ε)
1
m−1, and integrating over Q[t1,t2] = Ω × [t1, t2], yield∫∫
Q[t1,t2]
∣∣∣∣∂vε∂t
∣∣∣∣2 (vε + ε) 1m−1dxdt −m ∫∫
Q[t1,t2]
∂vε
∂t
div
(
(|∇vε|2 + ε)(p−2)/2∇vε
)
dxdt
= λm
∫∫
Q[t1,t2]
vε(vε + ε) 1m−1 ∂vε
∂t
(a− Ψ (vε))dxdt.
By Young’s inequality and integration by parts, we have∫∫
Q[t1,t2]
∣∣∣∣∂vε∂t
∣∣∣∣2 (vε + ε) 1m−1dxdt + mp
∫∫
Q[t1,t2]
∂vε
∂t
(|∇vε|2 + ε)p/2dxdt
≤ 1
2
∫∫
Q[t1,t2]
∣∣∣∣∂vε∂t
∣∣∣∣2 (vε + ε) 1m−1dxdt + λ2m22
∫∫
Q[t1,t2]
v2ε (vε + ε)
1
m−1(a− Ψ (vε))2dxdt.
That is
1
2
∫∫
Q[t1,t2]
∣∣∣∣∂vε∂t
∣∣∣∣2 (vε + ε) 1m−1dxdt + mp
∫∫
Q[t1,t2]
∂
∂t
(|∇vε|2 + ε)p/2dxdt
≤ λ
2m2
2
∫∫
Q[t1,t2]
v2ε (vε + ε)
1
m−1(a− Ψ (vε))2dxdt
≤ λ2m2
∫∫
Q[t1,t2]
(vε + ε)1+ 1m (a2 + Ψ 2(vε))dxdt
≤ λ2m2 (‖a‖2∞ + C20‖vε‖2kLk ) ∫∫
Q[t1,t2]
(vε + ε)1+ 1m dxdt. (3.7)
By Lemma 3.3, we can confirm that there must exist t∗ ∈ (0, ω), such that∫
Ωt∗
|∇vε|pdx ≤ C, (3.8)
where C > 0 is a constant independent of ε. Let t1 = t∗, then for any t > t∗, combining (3.3), (3.7) and (3.8), we arrive at∫
Ωt
(|∇vε|2 + ε)p/2dx ≤
∫
Ωt∗
(|∇vε|2 + ε)p/2dx+ λ2p
(‖a‖2∞ + C20C2kk ) C1+1/m
≤ M. (3.9)
Here and belowM denotes different positive constants independent of ε. In addition, we also have∫∫
Qω
∣∣∣∣∂vε∂t
∣∣∣∣2 (vε + ε) 1m−1dxdt ≤ 2λm (‖a‖2∞ + C20C2kk ) C˜1+1/m ≤ M.
For any t < t∗, multiplying the first equation of (2.6) by ∂vε
∂t (vε + ε)
1
m−1, integrating over Q[t1,t2] = Ω × [t, t∗], combining
(3.3) and (3.4) and inequality (3.8), we obtain
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m
p
∫
Ωt
(|∇vε|2 + ε)p/2dx =
∫∫
Q[t,t∗]
∣∣∣∣∂vε∂t
∣∣∣∣2 (vε + ε) 1m−1dxdt + mp
∫
Ωt∗
(|∇vε|2 + ε)p/2dx
− λm
∫∫
Q[t,t∗]
vε(vε + ε) 1m−1 ∂vε
∂t
(a− Ψ (vε))dxdt
≤ 3
2
∫∫
Q[t,t∗]
∣∣∣∣∂vε∂t
∣∣∣∣2 (vε + ε) 1m−1dxdt + Cp +m2 ∫∫
Q[t,t∗]
(vε + ε)1+ 1m (a2 + Ψ 2(vε))dxdt
≤ M +m2 (‖a‖2∞ + C20‖vε‖2kLk ) ∫∫
Q[t,t∗]
(vε + ε)1+ 1m dxdt
≤ M.
Together with (3.9), yield
sup
t∈[0,ω]
‖∇vε(·, t)‖Lp(Ωt ) ≤ M,
whereM is independent of t and ε. Recalling embedding theorem, it follows that
sup
t∈[0,ω]
‖vε(·, t)‖Cα(Ωt ) ≤ M,
where 0 < α < 1− np . This implies that there exists a positive constant R independent of ε, such that
‖vε‖L∞(Qω) < R.
In conclusion, the proof of this lemma is completed. 
Nowwewill discuss the topological degree in BR, where BR is a ball centered at the origin with radius R > 0 in Cω(Qω). In
order to apply the homotopy invariant of Leray–Schauder degree, we consider themap T (λm(a−Ψ [vε])v+ε )with λ ∈ [0, 1].
First we verify that T (λm(a − Ψ [vε])v+ε ) is the homotopic map of the map T (m(a − Ψ [vε])v+ε ), that is the value of the
topological degree deg(I − T (m(a− Ψ [vε])v+ε ), BR, 0) is identical with respect to the parameter λ ∈ [0, 1].
Corollary 3.1. There exists a positive constant R, such that
deg(I − T (m(a− Ψ [vε])v+ε ), BR, 0) = 1,
Proof. By Lemma 3.4 and the existence and uniqueness of the solution of the problem vε = T (m(a−Ψ [vε])v+ε ) in the case
of λ = 0, together with the homotopy invariance of Leray–Schauder degree, we have
deg(I − T (m(a− Ψ [vε])v+ε ), BR, 0) = deg(I, BR, 0) = 1. (3.10)
The proof is complete. 
In order to obtain the nontriviality of vε , we have the following lemma.
Lemma 3.6. There exist constants 0 < r0 < R and ε0 > 0, such that for any ε ≤ ε0, the problem (2.5) has no nontrivial solution
vε satisfying
0 < ‖vε‖L∞(Qω) ≤ r0.
Proof. Suppose, by contradiction, that for any sufficiently small r > 0 and ε0 > 0, there exists a nontrivial solution vε with
ε ≤ ε0, such that ‖vε‖L∞(Qω) ≤ r . Recalling Lemma 3.2, we see that vε(x, t) > 0. For any ϕ(x) ∈ W 1,p0 (Ω), multiplying the
first equation in (2.5) by ϕ
2
vε
(vε + ε) 1m−1 and integrating the resulting relation over Qω , we obtain∫∫
Qω
∂vε
∂t
ϕ2
vε
(vε + ε) 1m−1dxdt +m
∫∫
Qω
(|∇vε|2 + ε)(p−2)/2∇vε∇ ϕ
2
vε
dxdt
= m
∫∫
Qω
ϕ2(vε + ε) 1m−1(a− Ψ (vε))dxdt.
Noticing the periodicity of vε , we have∫∫
Qω
∂vε
∂t
ϕ2
vε
(vε + ε) 1m−1dxdt =
∫
Ω
ϕ2(x)
∫ ω
0
∂
∂t
(∫ vε
0
(y+ ε)1/m−1
y
dy
)
dxdt = 0.
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The second term of the left hand side can be rewritten as∫∫
Qω
(|∇vε|2 + ε)(p−2)/2∇vε∇
(
ϕ2
vε
)
dxdt =
∫∫
Qω
(|∇vε|2 + ε)(p−2)/2∇vε∇
(
ϕ · ϕ
vε
)
dxdt
=
∫∫
Qω
(|∇vε|2 + ε)(p−2)/2∇vε
(
ϕ
vε
∇ϕ + ϕ∇
(
ϕ
vε
))
dxdt
=
∫∫
Qω
(|∇vε|2 + ε)(p−2)/2
(∇ϕ
vε
)
ϕ∇vεdxdt
+
∫∫
Qω
(|∇vε|2 + ε)(p−2)/2ϕ∇vε∇
(
ϕ
vε
)
dxdt
=
∫∫
Qω
(|∇vε|2 + ε)(p−2)/2
(∇ϕ
vε
)(
vε∇ϕ − v2ε∇
(
ϕ
vε
))
dxdt
+
∫∫
Qω
(|∇vε|2 + ε)(p−2)/2ϕ∇vε∇
(
ϕ
vε
)
dxdt
=
∫∫
Qω
(|∇vε|2 + ε)(p−2)/2 |∇ϕ|2 dxdt
−
∫∫
Qω
(|∇vε|2 + ε)(p−2)/2∇
(
ϕ
vε
)
(vε∇ϕ − ϕ∇vε)dxdt
=
∫∫
Qω
(|∇vε|2 + ε)(p−2)/2 |∇ϕ|2 dxdt
−
∫∫
Qω
(|∇vε|2 + ε)(p−2)/2v2ε
∣∣∣∣∇ ( ϕvε
)∣∣∣∣2 dxdt.
Therefore, we have∫∫
Qω
ϕ2(vε + ε) 1m−1(a− Ψ (vε))dxdt ≤
∫∫
Qω
(|∇vε|2 + ε)(p−2)/2|∇ϕ|2dxdt
≤
(∫∫
Qω
(|∇vε|2 + ε) p2 dxdt
)(p−2)/p (∫∫
Qω
|∇ϕ|pdxdt
)2/p
≤
(∫∫
Qω
2
p
2 (|∇vε|p + ε p2 )dxdt
)(p−2)/p (∫∫
Qω
|∇ϕ|pdxdt
)2/p
≤ C
(∫
Ω
|∇ϕ|pdx
)2/p
, (3.11)
where C is a positive constant independent of ε.
From (A2) and the continuity of function a(x, t), there exist x0 ∈ Ω, δ > 0, a0 > 0 such that
1
ω
∫ ω
0
a(x, t)dt ≥ a0, for all x ∈ B(x0, δ) ⊂ Ω.
Let µ1, ϕ1(x) be the first eigenvalue and its corresponding eigenfunction to the eigenvalue problem for p-Laplacian
−div(|∇ϕ|p−2∇ϕ) = µ|ϕ|p−2ϕ, in B(x0, δ),
ϕ = 0, on ∂B(x0, δ).
By the results of [15], we see that µ1 > 0, ϕ1(x) is strictly positive in B(x0, δ), belongs to C1,ν(B(x0, δ)) for some ν ∈ (0, 1)
and is of class C2,ν in a neighborhood of ∂B(x0, δ).
Take ϕ = ϕ1 in (3.11), we obtain∫∫
B(x0,δ)×(0,ω)
ϕ21(vε + ε)
1
m−1(a− Ψ (vε))dxdt ≤ C
(
µ1
∫
B(x0,δ)
|ϕ1|pdx
)2/p
.
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In addition, the assumptions (A1), (A2) give∫∫
B(x0,δ)×(0,ω)
ϕ21(vε + ε)
1
m−1(a− Ψ (vε))dxdt ≥
∫∫
B(x0,δ)×(0,ω)
ϕ21(vε + ε)
1
m−1(a− C0‖vε‖kLk(Ω))dxdt
≥
∫
B(x0,δ)
ϕ21(r + ε)
1
m−1
(∫ ω
0
a(x, t)dt − C0ωrk|Ω|
)
dx
≥ (r + ε) 1m−1ω(a0 − C0|Ω|rk)
∫
B(x0,δ)
ϕ21dx.
The above two inequalities imply that
(r + ε) 1m−1ω(a0 − C0|Ω|rk) ≤ C
(
µ1
∫
B(x0,δ)
|ϕ1|pdx
)2/p
∫
B(x0,δ)
ϕ21dx
. (3.12)
Obviously, we can choose suitable small ε0 > 0 and r0 > 0, such that for any ε ≤ ε0, r ≤ r0 and m > 1, the inequality
(3.12) does not hold. It is a contradiction. For the case of m = 1, we can also obtain a contradiction by the same method as
that in [6]. The proof is completed. 
Now we discuss the topological degree of vε = T (m(a− Ψ [vε])v+ε ) in Br with 0 < r < r0 < R.
Corollary 3.2. There exists a small positive constant r < R, such that
deg(I − T (m(a− Ψ [vε])v+ε ), Br , 0) = 0.
Proof. Due to the fact that (2.5) has the solution vε = 0, we cannot deal with the problem directly. For all given constants
γ ≥ 0, and a smooth function θ = θ(x) > 0 inΩ , we introduce a map vε = T (m(a− Ψ [vε])v+ε )+ γ T (θ). By the theory of
Leray–Schauder degree, we can see that when γ ≥ 0, θ > 0, the map vε = T (m(a− Ψ [vε])v+ε )+ γ T (θ) is the homotopic
map of vε = T (λm(a−Ψ [vε])v+ε ). That is for all θ > 0, the topological degree deg(I − T (m(a−Ψ [vε])v+ε − γ T (θ)), Br , 0)
is identical with respect to γ ≥ 0.
Just like Lemma 3.6, we can get a constant 0 < r < R independent of ε, γ , θ , such that all the solutions of the map
vε = T (m(a− Ψ [vε])v+ε )+ γ T (θ)must satisfy
‖vε‖L∞(Qω) > r > 0.
Notice that vε = 0 is not the solution of the problem vε = T (m(a − Ψ [vε])v+ε ) + γ T (θ), by the homotopy invariant of
Leray–Schauder degree, we have
deg(I − T (m(a− Ψ [vε])v+ε ), Br , 0) = deg(I − T (m(a− Ψ [vε])v+ε )− γ T (θ), Br , 0) = 0,
The proof is complete. 
Now we show the proof of the main result of this paper.
Proof of Theorem 2.1. By virtue of Corollaries 3.1 and 3.2, we can obtain
deg((I − T (m(a− Ψ [vε])v+ε )),Σ, 0) = 1,
whereΣ = {vε ∈ Cω(Qω)|vε ∈ BR, vε 6∈ Br}. By the theory of the Leray–Schauder degree and Lemma 3.2, we can conclude
that the regularized problem (2.5) admits a nontrivial nonnegative periodic solution inΣ .
By Lemmas 3.4 and 3.6, we can see that all the solutions vε ∈ Σ of the problem (2.5) satisfy
r < ‖vε‖L∞(Qω) < R,
where 0 < r < R are all independent of ε. Also by Lemma 3.3, we have
‖∇vε‖Lp(Qω) ≤ Cp,
where Cp is a positive constant independent of ε. Together with the Dirichlet boundary value conditions, we obtain
vε ∈ Lp(0, ω;W 1,p0 (Ω)) ∩ Cω(Qω).
Multiplying the first equation of (2.5) by ∂vε
∂t (vε + ε)
1
m−1 and integrating the results over Qω , we have∫∫
Qω
∣∣∣∣∂vε∂t
∣∣∣∣2 (vε + ε) 1m−1dxdt −m ∫∫
Qω
∂vε
∂t
div
(
(|∇vε|2 + ε)(p−2)/2∇vε
)
dxdt
= m
∫∫
Qω
vε(vε + ε) 1m−1 ∂vε
∂t
(a− Ψ (vε))dxdt.
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By a simple calculation, we can obtain
1
2
∫∫
Qω
∣∣∣∣∂vε∂t
∣∣∣∣2 (vε + ε) 1m−1dxdt + mp
∫∫
Qω
∂
∂t
(|∇vε|2 + ε)p/2dxdt ≤ 12m
2
∫∫
Qω
v2ε (vε + ε)
1
m−1(a− Ψ (vε))2dxdt.
Together with the boundedness of a, Ψ [vε], vε and the periodicity of vε , we get the uniform estimate of ∂vε∂t ,∫∫
Qω
∣∣∣∣∂vε∂t
∣∣∣∣2 dxdt ≤ C,
where C is a positive constant independent of ε.
From the above estimates of vε , we can see that there exist a subsequence {vεi} ∈ Σ and a function v ∈ Σ , such that
vεi → v, a.e. in Cω(Qω),
∂vεi
∂t
⇀
∂v
∂t
, weakly in L2(Qω).
Applying a rather standard argument similar to [4,16], we can prove that the limit function v is a nontrivial nonnegative
periodic solution of the problem (2.1)–(2.3) in the sense of Definition 2.1. It is equal that the problem (1.1)–(1.3) admits a
nontrivial nonnegative periodic solution. Thus we complete the proof of the main result. 
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